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Pareto Distribution

CDF:

F (z) = 1−
(

1

z

)α
where α is the shape parameter

Tail:

P(x ≥ z) = z−α

Higher α means thinner tail
(inequality ↑)
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A First Pass

Suppose we have that age is exponentially distributed

P[Age > x] = e−δx

and income grows exponentially with time

y = eµx.

Inequality of income is given by a Pareto distribution.

P[Income > y] = P[Age > x(y)] = P[Age >
1

µ
ln y]

= e−
δ
µ ln y = y−

δ
µ

Pareto coefficient η = µ
δ (< 1) measures inequality.

The top a% of b% get a fraction of income for all of b equal to

S(a, b) =
(a
b

)η−1
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A (Partial) Theory of Wealth Inequality

Population evolves according to

Ṅt = Bt − δNt

where Bt is births and δ is the death rate.

Hence:

n+ δ =
Bt
Nt

= b

where b is the birth rate.

This implies a stationary distribution

P[Age > x] = e−(n+δ)x

that depends on the birth rate b.
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We assume that people

I earn rate of return r

I consume a fraction α

I pay a fraction τ as deadweight (!) taxes

of their wealth a.

This implies that
ȧ = (r − τ − α)a

Wealth at t of a person born in t− x (age x) is given by

at(x) = at−x(0)e(r−τ−α)x

Assuming that newborns receive identical inheritances and that per
capita wealth wt grows at rate g, we have that

at−x(0) =
δ

δ + n

Wt−x

Nt−x
= āwte

−gx
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The wealth distribution at time t is given by

P[Wealth > a] = P[Age > x(a)]

= e−(n+δ)x(at)

=

(
a

āwt

)− n+δ
r−g−τ−α

where n+ δ is the birth rate in the economy.

Pareto coefficient is given by

η =
r − g − τ − α

n+ δ

Conclusion:

The Pareto coefficient (inequality) rises with r − g and falls with n.
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General Equilibrium

Production function is given by

Yt = AtKt

where accumulates according to

K̇t = Yt − Ct − Tt − δKt = Yt − (α+ τ + δ)Kt

Hence, in a balanced growth path (gY = gK) we have with r = A− δ

gK = A− (α+ τ + δ) = r − τ − α.

The per capita capital stock and output then grow at rate

g =
k̇t
kt

=
K̇t

Ntkt
− Kt

Ntkt
n = gK − n

Hence: r − g − τ − α = n.
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Conclusion:

The Pareto coefficient is given by η = n
n+δ and is independent of taxes

and r − g.

How can we interpret this result?

Recall that in the OG environment we have

r − τ − (n+ γ̃) = r − τ − g = const.

where the constant depends on technology and preferences.

1) We have r > g, but this doesn’t matter for inequality at all.

2) Wealth taxes and equal inheritances do not matter fundamentally
for inequality. Of course, existing distortions could have an influence.

3) Population growth has different effects depending on partial vs.
general equilibrium view.
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