EC 450 Department of Economics
Advanced Macroeconomics Wilfrid Laurier University
Instructor: Sharif F. Khan Winter 2008

Suggested Solutions to Assignment 1 (REQUIRED)

Total Marks: 50

Part A True/ False/ Uncertain Questions [20 marks]

Explain why the following statement is True, False, or Uncertain according to economic
principles. Use diagrams and / or numerical examples where appropriate. Unsupported
answers will receive no marks. It is the explanation that is important. Each question is
worth 10 marks.

Al.

During the long periods of relatively constant growth in GDP per worker in the
typical Western economy, the capital-labor ratio has stayed relatively constant.

False

During the long periods of relatively constant growth in GDP per worker in the typical
Western economy, the capital-labor ratio has grown by approximately the same rate as
GDP per worker.

It is a stylized fact that during the long periods of relatively constant growth in GDP per
worker in the typical Western economy, labor’s share of GDP has stayed relatively
constant. This fact implies that the share of all other production factors must also has
stayed relatively constant (since this latter share is one minus labor’s share). Let us call
the other factors ‘capital’.

Let the total capital input in year t be denoted by K,. If we denote the rate of return on

capital by r,, then capital’s share is r‘YL = ;—t Hence, constancy of capital’s share
;s

implies that the real rate of return on capital, r,, and the output-capital ratio, % must

t
have been changing by the same rates.
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The long-run data in the typical Western economy supports the claim that the real rate of

. : : r
return on capital has been relatively constant. If capital’s share, —~, and the rate of

Yo
Kt
return on capital, r,, have both been relatively constant, then the output-capital ratio,

Y, . . K :
?‘, and the capital-output ratio, Y—t must also been constant. We can rewrite the

t t
. . K K./L k .
capital-output ratio as —- = w =—L, where we have denoted the capital-labour
Yoo YLy

ratio, or capital intensity, K, /L, , by k, and denoted GDP per worker, Y,/L,, by y,.

Ko, .. . . .
Constancy of Y—t implies that the capital-labor ratio must have been growing at the same
t

rate as GDP per worker.

A2.

In the basic Solow model, an increase in the level of total factor productivity raises
the long-run growth rate of aggregate output per worker. [Diagrams required]

False

In the basic Solow model with no technological progress, an increase in the level of total
factor productivity will have no effect on the long-run growth rate of aggregate output per
worker.

Figure A2 shows the effects of an increase in the level of total factor productivity on the
long-run growth rate of aggregate output per worker. Assume that the economy was
initially at a steady-state equilibrium at point E with the level of capital per worker (the

capital-labor ratio or the capital intensity) at k, and the level of output per worker at y;.
At this long-run equilibrium actual savings, sBk;”, equals the break-even investment,

(n+8)k, , which is required to keep the level of capital per worker unchanged at k; .
1

1 1
. e - - - * P S l-a
The initial steady-state capital-labor ratio is constantat k, = Bl—a[ 5) and the
n+

L @
* P l-a -
initial steady-state output per worker is constantat  y, = Bl“( > 5j . That is,
n+

initially the long-run growth rates in capital per worker and output per worker were both
zero.
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Assume that in year zero the level of total factor productivity increases from B to B’
and stays at its new higher level thereafter, while no other parameters of the model

change. In year zero the initial capital intensity will remain unchanged at k , because it is
pre-determined and given by the capital accumulation and population dynamics in the
past, where the level of total factor productivity was B . But in year zero output per
worker will increase from B(k; )a to B’(k;)“ because of the higher level of total factor
productivity. The increased level of output per worker will increase the level of actual

savings from sB(k; )" to sB'(k; )" . These two effects on output per worker and actual

savings per worker are shown by upwards shifts in the output per worker curve and actual
savings per worker curve, respectively in Figure A2.

In year zero, the actual savings will therefore be higher than the level of break-even
which is required to keep the level of capital per worker unchanged at k; . In

Figure A2, sB’(kg)a > (n+6)k,, so capital per worker will increase from year zero to
year one. With k, >k, , the output per worker will increase even further in year one,

B'(kl )a > B'(kg)“ , and out of the increased income per worker will come even more
savings per worker, sB'(k, )" > sB'(k; )" In Figure A2, sB'(k, )" > (n+ &)k, , so capital

per worker will increase again from year one to year two, k, >k, , and so on . In the long
run successive increases in the capital intensity and in output per worker will make Kk,

1 [
converge to the new and high steady state value k; = (B')H (%jl‘“ , which Is again a
n-+

constant value and y, will converge to the new and high steady state value

1 a
yr = (B’)l—a (%T_a , Which is also a constant value. The point F in Figure A2 shows
n+

this new steady state equilibrium.

Thus, during the transition period from point E to F, there will be a positive growth rate
in the capital intensity and in the output per worker. But once the economy reaches the
new long-run equilibrium at F, there will be no further positive growth in the capital
intensity and in the output per worker. In year zero after the increase in the level of total
factor productivity, there will be a jump in the growth rate of output per worker from zero
to a positive value. During the transition period, the growth rate of output per worker will
gradually decrease and will become again zero once the economy reaches the new steady
state equilibrium at F. Therefore, an increase in the level of total factor productivity has
no influence on the long-run growth rate of aggregate output per worker. It only increases
the growth rate of aggregate output per worker for the transition period. It, however,
increases the long-run level of aggregate output per worker.
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Part B Problem Solving Questions [30 marks]
Read each part of the question very carefully. Show all the steps of your calculations to
get full marks.

B1l. [30 Marks]

Consider a Solow economy with no technological progress. Assume that the
production function is Cobb-Douglas:

Y, = AK/ N, 0< <],

where Y is aggregate output, K is the stock of aggregate capital, N is total labor and
A is the total factor productivity. Assume that N grows exogenously at a constant
rate n. Capital depreciates at a constant rateo . There is no technological progress.
The evolution of aggregate capital in the economy is given by

Kit — Ky =Y, =K,
where s is a constant and exogenous saving rate.

(a) Derive the basic law of motion, or the transition equation, for the aggregate
capital per unit of labor. Plot the transition equation in a diagram. Explain

how the level of aggregate capital per unit of labor will converge to the steady
state value from a given positive initial value. [8 marks]

. Y, K
Define y, =—- and Kk, EN—t. Thus, y,denotes denote output per worker and
t t

k, denote capital per worker.
Production function: Y, = AK/N;™” (1)
An exogenous growth in labor: N,,, = (1+n)N, )

The evolution equation of aggregate capital: K,,; — K, =sY, — K, 3)
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Dividing both sides of the production function, equation (1), by N, we get:

Y, AKINF
N, N
Y, AK/

=t =
Nt Ntl—l-M.
Y, AK{
Nt Ntﬂv

A
:>_t:A ﬁ
Nt Nt

=y, = Ak/ 4) [Using the definition of y, and k]

t

Rewrite equation (3) as,
K =Y, +(1_5)Kt (3.1)
Dividing both sides of equation (3.1) by N,,, we get:

Kia _ sY, +(1_5)Kt

Nt+l Nt+1

— Kia _ SY +L-0)K, [Using equation (2)]
Nt+1 (1+ n)Nt

:&zi(slw(l_a)%j

Nt+1 1+ n Nt t
=K,,= ﬁ(syt +([1-06)k,) [Using the definition of y, and k, ]
+
=k, = ﬁ(sAkf + (1—5)kt) [Substituting y, using (4)]

Therefore, the transition equation for the capital per unit of labor is:

1
Key = m (SAkt/l + (1_ 5)kt ) (5)
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Figure B1(a) shows the transition equation as given by (5). This curve starts at (0,0)
and is everywhere increasing. The 45°line, k,,, =k, , has also been drawn.

Differentiating (5) gives:

dk, 1+n

This shows that the slope of the transition curve decreases monotonically from
infinity to (1-5)/(1+n), as k, increases from zero to infinity. The latter slope is

positive and less than one if n+6 >0, or n>-5, which is plausible empirically.

Hence the transition curve must have a unique intersection with the 45°line (which
has slope one), to the right of k, =0.

dk.,  SAAK/ T +(1-0)

Assume an initial level of capital per worker k, > 0,as drawn in Figure B1(a). Then
k, will be the vertical distance from the horizontal axis up to the transition curve, and
by going from the associated point on the transition curve horizontally to the 45°line,
and then vertically down, k; will be taken to the horizontal axis as shown. Now, K,

will be the vertical distance up to the transition curve. The dynamic evolution of the
capital intensity (capital per worker) is given by the staircase broken line. It follows
that over time, k, will converge to the specific value given by the intersection

between the transition curve and the 45°line, and it will do so monotonically, getting
closer and closer all the time and never transcending to the other side of the
intersection point. Furthermore, the convergence is global in the sense that it holds for
any strictly positive initial k.

The intersection between the transition curve and the 45°line is the unique positive
solution, k™, which is obtained by setting k., =k, =k in (5) and solving for k. This

k" is called the steady state value of aggregate capital per worker.

Page 6 of 16 Pages



(b) Solve for the steady state equilibrium values of aggregate capital per
worker, aggregate output per worker, consumption per worker, the real
rental rate for capital and the real wage rate for labor. Illustrate the steady-
state equilibrium values of aggregate capital per worker, aggregate output
per worker and consumption per worker in a diagram. [8 marks]

To solve for the steady state equilibrium value of aggregate capital per worker we set

k., =k =k in (5),

1
k= m(sAkﬂ +(1-5K)

= k(1+n)=sAk” +(1-o)k
= k +nk = SAK* +k — &k
= k +nk —k + &k = sAk”
= (n+ )k = sAk*

K= A(Lj (6)

Therefore, the steady state equilibrium value of aggregate capital per worker is

1 1
ey
n+s,)
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The steady state equilibrium value of aggregate output per worker, y’, is:

*A

y = Ak
- T
=y =A AH( > j”
n+o
L l B
=y =A A”[ > j“
nN+o
1+L S ﬁ
=y =A H( j
n+o
1-A+4 i
LR
nN+o
1 A
Vo AL S )14 ;
-y n+s) 7

Consumption per worker is ¢, = (1— s)yt in any period t. So, the steady state equilibrium
value of consumption per worker is:

c*:(l—s)y*:(l—s)Al—ll( > ju. (8)

n+o

The real rental rate for capital, r,, and the real wage rate for labor, w,, are given by the
following two profit maximizing conditions of the competitive firms in this model:

A-1
r, =Marginal product of capital = jlit = JAK/ N = /IA(%j = AAKk;™

t t
and

w, = Marginal product of labor
A
= d;‘ = (1-A)AK/N* = (1—1)»{%) =(1-2)Ak/.
t

t
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So, the steady state equilibrium values of r,and w, are:
1 741

1 — -1 -1
rr=2AKk )" =2A A”( SJ“ :AAA‘1( > j =/1( > j

n+ n+o n+o

and

w = 1-2)AK )

1 4

N e Vi R
= (1— /1)A A4 [—j = (]__ A)AAI—A [_j — (1_ /1)A1-,1( j .
n+é n+o n+o

Figure B1(b) illustrates the steady state equilibrium levels of capital per worker, output
per worker and consumption per worker.

(c) Find the growth rates of aggregate output per labor, aggregate capital per
labor, aggregate output and aggregate capital on the balanced growth path.
[2 marks]

On the balanced growth path (at the steady state equilibrium) the level of aggregate
1

* i g
capital per worker is: k™ = A# (L&j , Which is a constant. So, the growth rate of
n+

k”is zero.

Similarly, on the balanced growth path (at the steady state equilibrium) the level of
1

1 [
aggregate output per worker is: y~ = A4 (%jl ’ , which is a constant. So, the growth
n+

rate of y”is zero.

Let the approximate growth rates of Y,, y,, K,, k,, and N, from period t-1 to t be

denoted by 9., 9/, 9/, g, and g/'. Using the definition of y, we can express the
aggregate output as,

Yo = YN, ©)
Taking logs on both sides of (9),

InY, =Iny, +InN, (10)
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So, we can also write,
InY,, =Iny,_, +InN,, (11)
Subtracting (11) from (10) we get,

InY, —InY,, =Iny, —Iny,_, ++InN, —=InN,,
=9/ =0/ +9g/

Y _qV
= 0¢ =09¢ +n

Y

Since on the balanced growth path g, is zero, the growth rate of aggregate output, g,

on the balanced growth path should be equal to the growth rate of labor, n.

Using the definition of k, we can express the aggregate output as,
K, =kN, (12)
Taking logs on both sides of (12),
InK, =Ink, +InN, (12)
So, we can also write,
InK,, =Ink,, +InN_, (13)
Subtracting (13) from (12) we get,

InK, -InK_, =Ink, =Ink_, ++InN, —=InN,,
= gtK = gtk + gtN

K k
=0 =0 +n

K
t

Since on the balanced growth path g is zero, the growth rate of aggregate capital, g
on the balanced growth path should be equal to the growth rate of labor, n.
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(d) Find the elasticity of the steady state equilibrium value of aggregate output
per worker with respect to the saving rate. What is the economic

interpretation of this elasticity if the value of 4 = % . [4 marks]

The steady state equilibrium value of aggregate output per worker, y*, is:

e ¢

n+o

Taking logs on both sides of (7) gives:

. 1 A
Iny =——InA+——[Ins—In(n+75)|. 14
V' == A+ = [Ins—In(n+5)] (14)
1
The elasticity of y”with respect to the saving rate, s Edlny = A -4 :1.
dins 1-2 , 1 3
4

This means that according to this Solow Model, a 10 percent increase in the saving rate
(investment rate) will imply an increase in people’s average incomes of around 3.33% in
the long run.

(e) Find the golden rule savings rate and the golden rule level of aggregate
capital per worker. Solve for the steady state equilibrium values of aggregate
output per worker and consumption per worker assuming that the
exogenous saving rate is equal to the golden rule savings rate. Illustrate the
golden rule levels of aggregate capital per worker, aggregate output per
worker and consumption per worker in a diagram. [8 marks]

The steady state equilibrium value of consumption per worker is:
A

c*=(1—s)Al—lﬂ( > jH. 8)

n+o

The golden rule saving rate, s~ , is the steady-state consumption maximizing saving rate.

So, to find s~ we have to maximize ¢~ with respect to s using (8). We are allowed to
take logs before maximizing. Taking logs on both sides of (8) gives:

Inc” = In(l—s)+iln A+Llns—iln(n+5).
1-4 1-4 1-4
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So, the first-order condition of this maximization problem:

olnc” 1 A1
0S 1-s 1-As
A1 1

=
1-4s 1-s

= Al-s)=s@-41)

=>A-A5=5-18

ST =4

So, the golden rule saving rate is A.

To find the golden rule level of capital per worker, k™, we have to substitute s with 1 in

(6):
- 1 2 1-1
K™ = Al
(n+5j

To find the golden rule level of output per worker, y™~ , we have to substitute s with A in

(7):

A

l N
*k 1 /1 1-1
= AT .

y (n+5j

To find the golden rule level of consumption per worker, ¢™, we have to substitute s with
Ain (8):

A
. 2
c**:(l—s)AH( A ]H.

nN+o

Figure B1(e) illustrates the golden rule levels of capital per worker, output per worker
and consumption per worker.
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