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Queen’s University

School of Graduate Studies and Research

Department of Economics

Economics 850 Econometrics I Fall, 2017

Professor James MacKinnon

Final Examination

December 13, 2017. Time Limit: 3 hours

Please answer any four (4) of the following six (6) questions. Each question has
four parts and is worth 25% of the final mark. Before deciding which questions to
answer, it would be a very good idea to read every question carefully.

Note: A table with some critical values of the χ2 distribution appears at the end of
the examination.

1. Consider the linear regression model

yt = β1 + β2x2t + β3x3t + ut,

which is to be estimated using a sample of 73 observations. The regressors x2t and
x3t are assumed to be exogenous. You are interested in the parameter γ ≡ β2/β3.

a) Explain how you would obtain an estimate γ̂ and an asymptotically valid stan-
dard error s(γ̂) analytically (i.e., without doing any simulations) under the
assumption that the disturbances are IID.

b) Explain how you would obtain a bootstrap standard error s∗(γ̂) under the
assumption that the disturbances are IID, and how you would use that standard
error to test the hypothesis that γ = 2.

c) Explain how you would perform a bootstrap test of the hypothesis that γ = 2
under the assumption that the disturbances are independent but may be sub-
ject to heteroskedasticity of unknown form.

d) Explain how you would construct a studentized bootstrap confidence interval
for γ under the assumptions of part c).

2. Consider the linear regression model

yji = Zjiβ +

J∑
j=1

γjDji + uji,
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where j indexes communities and i indexes restaurants within each community.
The dependent variable yji is annual sales by restaurant i in community j, the
row vector Zji, of length k, contains observations on various characteristics of each
restaurant, including dummy variables for the type of food it serves, and Dji is a
dummy variable that equals 1 if the restaurant is in community j and 0 otherwise.

a) Suppose the sample gets larger by adding more communities, each with (on

average) the same number of restaurants. Thus the sample size N =
∑J

j=1 Nj ,
with the Nj varying across communities but not changing systematically. Is
it reasonable to suppose that β is estimated consistently? Is it reasonable to
suppose that the γj are estimated consistently? Explain.

b) Let X denote the matrix with typical row [Zji Dji], where Dji is a row vector
containing all of the Dji. Under reasonable assumptions, what would be the

rank of the matrix X⊤X? What would be the rank of the matrix SX⊤X ≡
plimN−1X⊤X? How are these results related to your answer to part a)?

c) What assumptions would it be reasonable to make about the uji? Under these
assumptions, would the conventional OLS covariance matrix estimator yield
valid standard errors for the elements of β? Explain why or why not.

d) Suppose that β3 is a dummy variable for Italian restaurants and β4 is a dummy
variable for Greek restaurants. Explain how you would test the hypothesis that
β3 = β4 using an asymptotic test.

3. Consider the nonlinear regression model

y = x(β) + u, E(u) = 0, E(uu⊤) = Ω, (1)

where there are n observations and k parameters, the regression function x(β)
depends only on exogenous variables, and Ω is an unknown n× n positive definite
diagonal matrix. Let X(β) denote the n× k matrix of the derivatives of x(β) with
respect to β.

a) What are the first-order conditions that determine the nonlinear least squares
estimator β̂? Interpret these as moment conditions. Will they lead to an
asymptotically efficient estimator? Why or why not?

b) What is the asymptotic distribution of the vector n1/2(β̂ − β0)? Indicate where
your result comes from without actually providing any sort of formal proof.

c) Suppose the regression function can be written as x(β1,β2) and the sum of
squared residuals can be written as SSR(β1,β2). Suppose further that it is
easy to minimize SSR(β1,β2) with respect to β1 conditional on β2 and with
respect to β2 conditional on β1. In particular, suppose that the estimates of
β1 conditional on β2 can be obtained by OLS. You therefore iterate, sequen-
tially minimizing SSR(β1,β2) with respect to each subvector until you achieve

convergence at [β̂1
.... β̂2]. Would heteroskedasticity-robust standard errors from
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the OLS regression used to obtain β̂1 conditional on β̂2 be asymptotically valid
for the elements of β̂1? Why or why not?

d) Explain how to compute an asymptotically valid estimate of the covariance

matrix of the vector β̂ = [β̂1
.... β̂2] using an OLS regression package.

4. Consider the nonlinear regression model

yt = β1 + β2x
β3

2t x
1−β3

3t + ut, ut ∼ IID(0, σ2), (2)

where the regressors x2t and x3t are assumed to be exogenous, and there are 100
observations.

a) When you estimate regression (2) by nonlinear least squares, the SSR is 141.35.
If you impose the restriction that β3 = 0.5, the SSR is 147.26. Can you reject
the null hypothesis that β3 = 0.5 at the .05 level using an asymptotic test?

b) What is the Gauss-Newton regression that corresponds to the regression model
(2)? Explain how you would use it to obtain an asymptotic confidence interval

for the NLS estimate β̂3.

c) Suppose you estimated regression (2) subject to the restriction that β3 = 0.5.
How could you test the hypothesis that β3 = 0.5 using a GNR without doing
any nonlinear estimation?

d) One way to obtain a confidence interval for β3 would be to invert a test like the
one you performed in part a). Explain how you could obtain a 99% confidence
interval by inverting such a test. Would this interval be symmetric around β̂3?
Why or why not?

5. You wish to estimate the linear regression model

yt = β1 + β2xt +Ztβ3 + ut, (3)

where Zt is a 1×k vector of observations on exogenous variables, and xt is generated
by the dynamic equation

xt = γ1 + γ2xt−1 + γ3yt−1 + vt. (4)

The disturbances ut and vt are homoskedastic and serially uncorrelated, and it is
assumed that the system consisting of equations (3) and (4) is stationary.

a) If ut and vt are uncorrelated, will β̂2, the OLS estimate of β2, be unbiased?
Will it be consistent? If β0

2 denotes the true value of β2, will the quantity

n1/2(β̂2 − β0
2) be asymptotically normal with mean zero?

b) If ut and vt are positively correlated, will β̂2 be unbiased? Will it be consistent?
Explain carefully.
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c) Suppose you estimate equation (4) by OLS to obtain fitted values x̂t and then
regress yt on a constant, x̂t, and Zt. Will the estimate β́2 obtained by this
procedure be consistent under the assumptions of part b)? Explain.

d) What can you say about the asymptotic distributions of n1/2(β̂2 − β0
2) and

n1/2(β́2 − β0
2) under the assumptions of part a)? Will both distributions be

asymptotically normal with mean zero? Will one of them have a larger variance
than the other? Explain carefully.

6. Consider the linear regression model

yt = Xtβ + ut,

where Xt contains exogenous variables, and the disturbance ut may or may not be
homoskedastic. There are 200 observations.

a) Explain how you could test the hypothesis that the ut are homoskedastic
against the alternative that E(u2

t ) = exp(δ + Ztγ), where Zt is a row vector
containing observations on 5 exogenous regressors. Your test should involve
running one linear regression, computing a test statistic τ̂ , and comparing it
to a certain distribution.

b) You decide to bootstrap the test of part a). Explain how you would generate
B = 999 bootstrap samples and what bootstrap test statistic, say τ∗b , you would
compute using the bth bootstrap sample.

c) Explain precisely how you would use the actual test statistic τ̂ from part a)
and the bootstrap test statistics τ∗b from part b) to calculate a bootstrap P
value for the hypothesis that the ut are homoskedastic.

d) Suppose the test of part c) led you to reject the null hypothesis. Explain how
you could use feasible GLS to obtain estimates of β that would be asymptoti-
cally more efficient than the OLS estimates.

Table 1. Some Critical Values of the χ2 Distribution

D.F. / Level .10 .05 .025 .01

1 2.706 3.841 5.024 6.635

2 4.605 5.991 7.378 9.210

3 6.251 7.815 9.348 11.345

4 7.779 9.488 11.143 13.277

5 9.236 11.070 12.833 15.086

6 10.645 12.592 14.449 16.812


