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Queen’s University

School of Graduate Studies and Research

Department of Economics

Economics 850 Econometrics I Fall, 2013

Professor James MacKinnon

Final Examination

December 11, 2013. Time Limit: 3 hours

Please answer any four (4) of the following six (6) questions. Each question has
four parts and is worth 25% of the final mark. Before deciding which questions to
answer, it would be a very good idea to read every question carefully.

Note: A table with some critical values of the χ2 distribution appears at the end of
the examination.

1. Consider the linear regression model

y = X1β1 +X2β2 + u,

where there are n observations and k = k1 + k2 regressors, which are assumed to
be exogenous. The dimensions of the vectors and matrices here should be obvious.

a) Suppose the elements of u are normally and independently distributed with
known variance σ2. How would you estimate β1 and β2? Write down the test
statistic you would use to test the hypothesis that β2 = 0 as a function of σ2,
y, X1, and X2. How is it distributed when n = 77, k1 = 5, and k2 = 3?

b) Suppose the elements of u are normally and independently distributed with
unknown variance σ2. How would you estimate β1 and β2? Write down the
test statistic you would use to test the hypothesis that β2 = 0 as a function of
y, X1, and X2. How is it distributed when n = 77, k1 = 5, and k2 = 3?

c) Suppose the elements of u are normally and independently distributed with
variances σ2

t = γω2
t for t = 1, . . . , n, where γ is unknown but the ω2

t are
known. How would you estimate β1 and β2? Explain how you would test the
hypothesis that β2 = 0. What can you say about the distribution of the test
statistic you would use when n = 77, k1 = 5, and k2 = 3?

d) Suppose the elements of u are normally and independently distributed with
unknown variances σ2

t for t = 1, . . . , n. How would you estimate β1 and β2?
Explain how you would test the hypothesis that β2 = 0. What can you say
about the distribution of the test statistic you would use when n = 77, k1 = 5,
and k2 = 3?
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2. Consider the nonlinear regression model

yt = β1 + β2x
γ
t + β3z

γ
t + ut,

where xt and zt are exogenous variables, and β1, β2, β3, and γ are unknown par-
ameters. The disturbances ut are assumed to be homoskedastic and uncorrelated,
and there are 160 observations.

a) Explain how you could obtain NLS estimates of this model, and an estimate
of their covariance matrix, using only a program for ordinary least squares.

b) Explain how you could obtain two different 95% confidence intervals for γ. One
method should yield an interval that is symmetric around the estimate γ̂, and
the other method should be based on the value of the NLS criterion function.
Will the interval from the second method be symmetric? Explain.

c) Suppose the minimized value of the sum of squared residuals is 121.45. Subject
to the restriction that γ = 0.5, however, the SSR is 126.78. Can you reject the
hypothesis that γ = 0.5 at the .01 level? Explain.

d) Explain briefly but clearly how you would perform a bootstrap test of the
hypothesis that γ = 0.5 at the .01 level without doing any nonlinear estimation.

3. Consider the model

y1 = βy2 +Zγ + u, (1)

y2 = Wπ + v, (2)

where y1, y2, u, and v are n× 1, Z is n× k, and W is n× l. Every column of the
matrix Z lies in S(W ), and all the variables in W are assumed to be exogenous
or predetermined. The elements of u and v are IID with variances σ2

u and σ2
v ,

respectively, and correlation ρ.

a) Write down the IV estimator of β as a function of y1, y2, Z, and W. Under
what conditions will this estimator be exactly identified? Under what condi-
tions will it be overidentified?

b) Write the true standard errors of the OLS and IV estimators of β as functions of
whatever data and parameters they depend on. Under what circumstances, in
large samples, will the IV estimator be almost as efficient as the OLS estimator?
Under what circumstances will it be much less efficient? Explain.

c) How many overidentifying restrictions are there? Explain precisely how you
could test those restrictions. Is this an exact test or an asymptotic one?

d) Could you test the overidentifying restrictions if the ut were not IID but instead
displayed heteroskedasticity of unknown form? Either explain how to perform
the test, or explain why it cannot be done.
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4. Suppose that observations are indexed by time and geographical location, so
that ztg denotes an observation on the variable z for location g at time t. You wish
to estimate the parameter β2 in the model

ytg = β1 + β2xtg + utg, utg = vg + εtg,

where vg and εtg are disturbances that are assumed to be independent of xtg and
of each other, with variances σ2

v and σ2
ε , respectively, where g = 1, . . . , G and

t = 1, . . . , T .

a) What are the variance of utg, the covariance of utg and usg for s 6= t, and
the covariance of utg and uth for h 6= g? What is the minimal amount of
information about the covariance matrix of the utg that you would need to
know in order to obtain a GLS estimate of β2?

b) Explain how you could obtain a feasible GLS estimate of β2 as well as an
estimate of its standard error.

c) Explain how to perform a bootstrap test of the hypothesis that β2 = 0 based
on the feasible GLS estimate of part b).

d) Explain how you would estimate β2 using a fixed effects estimator. Why is this
sometimes called a “within-groups estimator”? Would this estimator be more
or less efficient, asymptotically, than feasible GLS? Why might it be a safer
estimator to use?

5. Consider the linear regression model

yt = β1 + β2xt + β3zt + ut,

which is to be estimated using a sample of 57 observations. The regressors xt and zt
are assumed to be exogenous. The disturbances ut are assumed to be independent
but potentially subject to heteroskedasticity of unknown form. You are interested
in the parameter γ ≡ β2/β3.

a) Explain how you would obtain an estimate γ̂ and an asymptotically valid stan-
dard error s(γ̂) under the stated assumptions, without doing any simulations.

b) Explain how you could use the pairs bootstrap to obtain a bootstrap standard
error s∗(γ̂) under the stated assumptions.

c) Briefly discuss three ways to test the hypothesis that γ = 2. At least one of
them should involve bootstrapping. Indicate the main advantages and disad-
vantages of each method.

d) Discuss two ways to obtain a confidence interval for γ. At least one of them
should involve bootstrapping. In each case, indicate whether or not the interval
will be symmetric, and explain why or why not.
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6. Consider the linear regression model

yt = β1 + β2St + β3It + ut, E(ut) = σ2
t , (3)

σ2
t = γ1 + γ2St, (4)

where St is a dummy variable that equals 1 when t is evenly divisible by 4 and 0
otherwise, and It = 1 when t ≥ 41 and 0 otherwise. The data are quarterly, so
we can think of St as a seasonal dummy variable for the fourth quarter and It as
a regime change dummy that comes into effect at the beginning of year 11. The
sample size n is evenly divisible by 4.

a) Could you estimate the three parameters β1, β2, and β3 consistently under
standard asymptotic theory? If not, which parameters, or linear combinations
of parameters, from equation (3) could you estimate consistently? Explain.

b) Consider the parameter δ = β1 + β3. What is the interpretation of this para-

meter? Could you calculate an asymptotically valid standard error for δ̂ from
the ordinary (not robust to heteroskedasticity) OLS covariance matrix for equa-
tion (3)? Explain.

c) Could you estimate the parameters γ1 and γ2 consistently? Either explain how
or explain why not.

d) Would a test of the hypothesis that β2 = 0 be more powerful if based on OLS
or feasible GLS estimates? Explain how you would test this hypothesis using
an asymptotic test if n = 200.

Table 1. Some Critical Values of the χ2 Distribution

D.F. / Level .10 .05 .025 .01

1 2.706 3.841 5.024 6.635

2 4.605 5.991 7.378 9.210

3 6.251 7.815 9.348 11.345

4 7.779 9.488 11.143 13.277

5 9.236 11.070 12.833 15.086

6 10.645 12.592 14.449 16.812


