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Queen’s University

School of Graduate Studies and Research

Department of Economics

Economics 850 Econometrics I Fall, 2012

Professor James MacKinnon

Final Examination

December 13, 2012. Time Limit: 3 hours

Please answer any four (4) of the following six (6) questions. Each question has
four parts and is worth 25% of the final mark.

Before deciding which questions to answer, it would be a very good idea to read
every question carefully.

1. Consider the linear regression model

y = β1ι+X2β2 + u, (1)

where y, ι, and u are n--vectors, and X2 is an n×k matrix of exogenous regressors.
As usual, ι denotes a vector of 1s.

a) Consider the regression

y = γ1ι+MιX2γ2 + u, (2)

where Mι is the matrix that projects orthogonally off ι. Explain how the OLS
estimates of γ1 and γ2 from regression (2) are related to the OLS estimates of
β1 and β2 from regression (1). Also explain how the explained sums of squares
and sums of squared residuals from the two regressions are related.

b) Explain how to test the hypothesis that β2 = 0 under the assumption that
the elements of u are independently and identically distributed with unknown
variance σ2. Your test should not involve any simulation. Will it be exact in
finite samples? Why or why not?

c) Explain how to test the hypothesis that β2 = 0 under the assumption that the
elements of u are independently distributed, each with unknown variance σ2

t

that may be related to X2t, the t
th row of X. Your test should not involve any

simulation. Will it be exact in finite samples? Why or why not?

d) Explain step by step how to perform a bootstrap test of the hypothesis that
β2 = 0 under the same assumptions as part c).
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2. Consider the linear regression model

y = Xβ + u, u ∼ N(0, σ2I), E(u |X) = 0, (3)

where X is an n× k matrix that may be treated as fixed.

a) If σ0 denotes the true value of σ, how is the quantity y>MXy/σ2
0 distributed?

Is this a finite-sample result or an asymptotic one? Explain carefully.

b) Use the result of part a) to derive an exact test of the null hypothesis that
σ = σ0. Is this a one-tailed test or a two-tailed test? Explain.

c) Use the results of part a) to obtain an exact 95% confidence interval for σ.
Write down the equations that must be solved to obtain the two ends of the
interval. Is this interval symmetric? Explain why or why not.

d) Suppose that n = 24, k = 4, and the SSR from equation (3) is 8.261. Can you
reject the null hypothesis that σ = 0.5 at the .10 level? Can you reject it at
the .05 level? Explain. How would your answer change if you were testing the
null hypothesis that σ ≤ 0.5?

Hint: There is a table with certain critical values of the χ2 distribution at the end
of the examination.

3. Suppose that you have samples of households drawn from four different cities,
where, for the ith city, the sample is of size ni. You believe that an appropriate
model is

yi = αiιi +Xiβ + ui, E(uiui
>) = σ2

i Ini .

Here the yi are ni × 1 vectors of observations on the dependent variables, the ιi
are ni × 1 vectors of 1s, the ui are ni × 1 vectors of error terms, the Xi, which you
may treat as exogenous, are ni × k matrices, the σ2

i are variances, and Ini denotes
an ni × ni identity matrix.

a) Explain how you would estimate the parameters αi, i = 1, . . . , 4, and β jointly
by ordinary least squares. Then discuss two fundamentally different, but
asymptotically valid, ways to estimate the covariance matrix of your parameter
estimates.

b) Explain precisely how you would test the hypothesis that the four αi parameters
are equal based on the OLS estimates of part a). How many restrictions does
this involve?

c) Could you obtain more efficient estimates of all the parameters than the ones
you obtained in part a)? Explain.

d) Could you obtain a more powerful test of the hypothesis that the four αi

parameters are equal than the one you derived in part b)? Explain.
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4. This question concerns the dynamic linear regression model

yt = β0 + β1xt + β2xt−1 + β3xt−2 + γyt−1 + ut, ut ∼ IID(0, σ2), (4)

where yt is the dependent variable and xt is a predetermined variable. You estimate
this model using an estimation sample of 104 observations.

a) Explain how you could test the hypothesis that the ut are serially independent
against the alternative that they follow an AR(2) process without estimating
the unrestricted model. Will this be an exact test?

b) If the error terms in (4) actually follow an AR(2) process, it can be rewritten
as a nonlinear regression model. Write down this model, which is linear in
the variables but implicitly involves nonlinear restrictions on the parameters.
Also write down the linear regression model that results if all the nonlinear
restrictions are relaxed.

c) How many restrictions does the model with AR(2) errors impose on the un-
restricted linear model? What are these restrictions called? Explain how you
would test them using an asymptotic test.

d) Explain how you would obtain a bootstrap P value for the test statistic of part
c) using no more than 1000 bootstrap samples. Make sure to indicate precisely
how many bootstrap samples you would use, how you would generate them,
and how you would compute the bootstrap P value.

5. Consider the following two-equation model:

y1 = Zγ + βy2 + u, (5)

y2 = Zπ1 +Wπ2 + v, (6)

where y1 and y2 are n--vectors of observations on two endogenous variables, Z is
an n×k matrix of observations on exogenous variables, and W is an n× l matrix of
observations on instrumental variables, with l > 1. The error terms ut and vt that
are typical elements of u and v are assumed to be uncorrelated across observations
with variances σ2

u and σ2
v , respectively, and correlation ρ.

a) Explain how you would obtain consistent estimates of all the parameters in this
model. Would any of the parameter estimates be unbiased under the stated
assumptions? Explain.

b) How will the reported standard error of the estimate of β obtained in part a)
compare with the reported standard error of the OLS estimate? Write down
both standard errors and explain how they differ.

c) This model involves overidentifying restrictions. How many of them are there?
Explain precisely how you would test them. What would you conclude if the
test statistic decisively rejected the null hypothesis?
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d) Suppose that n = 800, l = 5, the R2 from OLS estimation of regression (6) is
0.3357, and the R2 from OLS estimation of the regression of y2 on Z is 0.3289.
In these circumstances, would you expect the estimate of β you obtained in part
a) to have good statistical properties? Would you expect it to be approximately
unbiased? Would you expect it to have a reasonably small standard error?
Explain carefully.

Hint: There is a table with certain critical values of the χ2 distribution at the end
of the examination.

6. Consider the nonlinear regression model

yt = β1 + β2X
α
t1X

1−α
t2 + ut, ut ∼ IID(0, σ2), (7)

where it is assumed that E(ut |Xt1, Xt2) = 0, and there are 167 observations.

a) Briefly describe two methods for testing the hypothesis that α = 0.5. One
method should require no nonlinear estimation at all, and the other should
require the use of nonlinear least squares. What distribution will each of the
two test statistics follow asymptotically?

b) Explain how to perform a bootstrap test of the hypothesis that α = 0.5, based
on one of the test statistics that you computed in the previous part. Do not
make any additional assumptions about the distribution of the ut.

c) Suppose the parameter γ ≡ α/(1−α) is economically interesting. Explain how
you would estimate γ and how you would form a 99% asymptotic confidence
interval for it using the delta method. Will this interval be symmetric?

d) Discuss two different methods that could be used to construct 99% bootstrap
confidence intervals for γ. Will either of these intervals be symmetric around
your estimate of γ? Explain.

Table 1. Some Critical Values of the χ2 Distribution

D.F. / Level .10 .05 .025 .01

1 2.706 3.841 5.024 6.635

2 4.605 5.991 7.378 9.210

3 6.251 7.815 9.348 11.345

4 7.779 9.488 11.143 13.277

5 9.236 11.070 12.833 15.086

6 10.645 12.592 14.449 16.812

10 15.987 18.307 20.483 23.209

20 28.412 31.410 34.170 37.566


