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ECON 452* -- The Skinny on Heteroskedasticity-Robust Inference (Note 11)

Heteroskedasticity-Robust Inference: The Bare Bones

e General Wald F-Statistic:

- éW _ (RB—r)T(RVgRT)I(RB—T) 0

B = a consistent unrestricted estimator of B, such as the OLS estimator;

A

VB = a consistent estimator of VB'

w = (RB—r) (RV RTJ"(RB 1) ~ x°[q] = the Wald statistic.
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- OLS Wald F-Statistic: set V; = Vo, = 65,5(X"X)"

Fy, = lWoLs = (RB _r)T(RVOCLls RT)_I(RB_r) ~ F[q, N-K] under H (2)

B = ﬁOLs = (XTX)_IXTy = the unrestricted OLS estimator of [3;

Vois = Gors (XTX)_1 = the OLS estimator of Vi the covariance matrix of the unrestricted OLS

estimator ﬁOLS of B;

= = the unrestricted OLS estimator of 6%

a

W, = (Rf& - r)T(RVOLS R’ )71(Rf3 —~ r) ~ %*[q] = the OLS Wald statistic.
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Heteroskedastic Errors: What do they do?

Answer: They change the form of the error covariance matrix, and hence the formula for the covariance matrix of
the unrestricted OLS coefficient estimator 3.

Assuming Homoskedastic (and Nonautoregressive) Errors — Assumption A3

e The error covariance matrix V takes the form:

s> 0 0 - 0 1 00 - 0
0 > 0 - 0 0 1
V=V@u|X)=[0 0 o’ 0|=0c’0 0 1 0| =0c"1
0 0 0 - o 0 0 0 - 1]
(NxN) (NxN)

« The covariance matrix of the unrestricted OLS coefficient estimator {3, takes the form:

V, = V(Bos| X) = *(x"x)"
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e The OLS estimator of the covariance matrix of 3, is an unbiased and consistent estimator of \/%

A

Vois = 62,6 (XTX)_1 is an unbiased and consistent estimator of VB

where

A2 _ _ _
OoLs = = =

= the unrestricted OLS estimator of 6°

= an unbiased and consistent estimator of o if the equation random errors u; are homoskedastic
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Assuming Heteroskedastic (and Nonautoreqressive) Errors

e The error covariance matrix V takes the form:

62 0 0 - 0]
0 G§ 0O -~ 0
V=V(u‘X)=diag(csl2 c§ G§ Gf\l)z 0O O Gi o 0
00 0 - 012\1_
(NxN)

« The covariance matrix of the unrestricted OLS coefficient estimator {3, takes the form:

Yy = V{Bos | X) = (XX)'XVX(X'X)" # o*(x7X)"

Note: When the error terms u; are heteroskedastic (have non-constant variances), the covariance matrix of the
unrestricted OLS coefficient estimator B does not equal o>(X"X)"; i.c., Vv, # o’ (X" X"
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Consequences of Heteroskedastic Errors

o Consequences of heteroskedastic errors for statistical inference based on OLS estimators of § and Vi

1. The OLS estimator of V, Vors = 6f)LS(XTX)_1, is biased and inconsistent.

2. t-tests and F-tests based on V¢ = cAséLS(XTX)f1 are invalid.
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e Consequences of heteroskedastic errors for the statistical properties of the unrestricted OLS estimator
BOLS of the regression coefficient vector p:

1. The OLS coefficient estimators ﬁj (3=0,1, ..., k) are still unbiased (a small sample property):
E(BOLS) =B.

2. The OLS coefficient estimators f3 ; 0=0,1, ..., k) are still consistent (a large sample property):
plim(Bo.s) = B

3. The OLS coefficient estimators B,— (=0,1, ..., k) are no longer efficient, meaning they are no longer the

minimum variance estimators in the class of all linear unbiased estimators of the regression coefficients,
either in small samples or in large samples.

Var(ﬁ j) > Var( BJ) G=0,1, ..., k), where ﬁ ; denotes the OLS estimator of 3; and Bj denotes an alternative

estimator of [3; that properly takes account of heteroskedasticity.
The OLS coefficient estimators B ; 0=0,1, ..., k) are inefficient in finite samples of any given size.

The OLS coefficient estimators B ; 0=0,1, ..., k) are also asymptotically inefficient in large samples.
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What We Need for Valid Statistical Inference Based on the OLS Coefficient Estimator f}OLS

 For statistical inference based on B, 5, we need a consistent estimator of the covariance matrix of B,

which in the presence of heteroskedastic errors takes the form:
A —1 —1
A V(Bows | X) = (X"X)' X"V X (X"X)

o A heteroskedasticity-consistent (or heteroskedasticity-robust) estimator of the covariance matrix of BOLS

1s White’s estimator of VB:

Ve = (XX)'X"VX(X"X)" (18)
where
o _
0 6l 0
V= diag@? 62 @ @)=[0 o @ 0
0 0 0 - Al

42 = (Y, —x'P)* = the squared unrestricted OLS residuals fori=1, ..., N

Problem: In small samples, V. is a downward-biased estimator of the covariance matrix VB of Boys.
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e An Adjusted Heteroskedasticity-Consistent Estimator of V( BOLS)

To mitigate the small-sample downward bias of the HC covariance matrix estimator VHC, it is common practice

to apply a degrees-of-freedom correction to the matrix formula for VHC.
The most widely used adjustment consists of multiplying the matrix estimator VHC by the ratio N/N-K..

The degrees-of-freedom adjusted heteroskedasticity-consistent estimator of V(ﬁOLS) is therefore:

Ve = %VHC = %(XTX)_IXTVX(XTX)_I (19)

o Computation of the HC Covariance Matrix Estimators \7HC and \A/HC1

Tedious matrix manipulations would be required to calculate from scratch the value of VHC in (18) or VHC] n
(19) for any OLS sample regression equation.

Fortunately, modern econometric software makes such laborious computations unnecessary. Options on OLS
estimation commands usually make it very simple to compute heteroskedasticity-consistent estimates of the
variances and covariances of OLS coefficient estimates.
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o Computing the Adjusted HC Covariance Matrix Estimator \A/HC1 in Stata

Stata incorporates a robust option on the regress command to compute the adjusted HC covariance matrix

estimator \AIHCl in (19).
For example, to estimate by OLS the regression equation
Y, =B +B,X; + B X, + B X + B X,

and compute the adjusted HC coefficient covariance estimator \A/HCI , simply enter the following regress
command with the robust option:

regress y x1 x2 x3 x4, robust
matrix VHC1 = e(V)
matrix list VHC1

« The regress command computes all coefficient standard errors, t-ratios and confidence intervals using the
adjusted HC covariance estimator V.

A

« The matrix command saves V., in the matrix VHC]1, which in this case is a 5x5 symmetric positive

definite matrix.

« The matrix list command displays the adjusted heteroskedasticity-consistent covariance matrix estimator

Ve 1n the matrix VHCI.
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e Interpreting the Elements of \7HC1

. \A/HCl for the OLS sample regression equation

Yi = ﬁo + BIXil + ﬁinz + B3Xi3 + B4Xi4 + ﬁi

is a square, symmetric 5x5 positive definite matrix, the elements of which are the estimated variances and
covariances of the OLS coefficient estimates ﬁ iJ=0,1,...,4. The symmetry of VHC] follows from the fact that

Cov(B;, B,) =Cov(B,,B;) forall f=g.

« The VHC] matrix for the above OLS sample regression equation is written in general as:

VHCI

Var(B, )
Cov(B,.B,)
CéV(Bz > ﬁo)
Cov(B,.B,)

| Cov(B,,B,)

Cov(P,.p))
Var(,)
C@V(ﬁz > B1 )
Cov(B,.B))
Cov(B,.B,)

Cov(B,.B,)
Cov(p,,B.)
Vﬁr(Bz)
Cov(p,.B,)
Cov(p,.B,)

Cov(B,.B,)
Cov(B,.B;)
C(A)V(Bz: B3)
Vér(Bz)
Cov(B,.B;)

Cov(B,.B,)
Cov(B,.B,)
CGV(Bz > B4)
Cov(B,.B,)

var(,) |
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« The software program Stata stores and displays the elements of \A/HCI in a slightly different arrangement than
that given above. Stata places the estimated variances and covariances involving the intercept coefficient
estimate f3, in the last row and last column of the VHCl matrix, rather than in the first row and column.

var(,)  Cov(B.B,) Cov(R.B,) Cov(B.B,) Cov(B,.B,)
X C(A)V(Bz’ﬁl) Vér(Bz) CéV(BzaB3) CéV(BzaB4) CéV(Bz’Bo)
Stata Vye, = | Cov(B,.B,) Cov(B;.B,)  Var(B,)  Cov(B.B,) Cov(Bs.B,)
Cov(B,.B,) Cov(R,.B,) Cov(B,.B,)  Var(B,)  Cov(p,.B,)
_C()V(Boaﬁl) Cav(ﬁo’ﬁz) CaV(Bo&Bs) CGV(ﬁO,B4) Vér(ﬁo) 1
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Heteroskedastic-Robust Hypothesis Tests with OLS

o All F-tests of linear coefficient restrictions on the regression coefficient vector 3 can be formulated in general
terms as tests of the following null and alternative hypotheses:

Null hypothesis Hy: RBp=r < RB-r=0
Alternative hypothesis H;: RB#r < RB-r=0

e The general Wald F-statistic takes the form:

L1y (Rp-1) (RV, R"J"(RB-1)
WALD q q

(1

where:

B = a consistent unrestricted estimator of B, such as the OLS estimator f,;

A

VB = a consistent estimator of Vﬁ.

Question: What consistent covariance matrix estimator should be used in place of \73 in formula (1)?
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e Heteroskedasticity-consistent Wald F-statistics are obtained by simply using one of the heteroskedasticity-
consistent estimators of the OLS coefficient covariance matrix in place of \A/B in formula (1) for Fyarp.

Either
1. set \AfB = \AfHC = (XTX)leT\A/X(XTX)f1 in formula (1) for Fwarp,

or

2. set \73 = \A/Ha = N AHC = %(XTX)_lXT\A/X(XTX)_1 in formula (1) for Fyarp.
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e Two Heteroskedasticity-Consistent Wald F-Stat

1. Set V= Ve = (XX)" X"V x(x"X)"

where
_ﬁl 0 O
0 ﬁg 0
V=diag@> 2 62 - al)=|0 o0 @
| 0 6 0
Fye = lWHC = (RB_r)T(R\A/HC RT)_I(RB_I”)
. q

istics

~ Flq, N—-K] under Hy

3)
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2. et ¥y = Vi = Ve = X XX (X!
Foolwo o (Rﬁ—r)T(R\”/Hgl R (RB=1) * 1 ) ander .

o Stata test commands compute adjusted HC Wald F-statistics Fc; when used following a regress
command with the robust option.

regress y x1 x2 x3 x4, robust
test x3 x4

test x2 = 1

test x1

e Stata lincom commands compute adjusted HC t-statistics tyc; when used following a regress command
with the robust option.

regress y x1 x2 x3 x4, robust
lincom _b[x1]
lincom b[x1] - b[x2]
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