ECONOMICS 452* -- NOTE 1 M.G. Abbott

ECON 452* --NOTE 1

Formulation and Specification of the Multiple Linear Reqgression Model in Vector-Matrix
Notation

The population regression equation, or PRE, for the multiple linear regression model can be written in three
alternative but equivalent forms:

(1) scalar formulation;
(2) vector formulation;

(3) matrix formulation.
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1. Scalar Formulation of the PRE

« Without observation subscripts. The scalar formulation of the PRE is written as:
Y = Bo"‘ B1X1+ Bzxz"'""" kak+ u

= Bo+jikBij+u (1.1)

j=k
SBX+u, X, =1
j-0

where

Y = the regressand, or dependent variable;
X; = the j-th regressor, or independent variable;
§

u

the partial regression coefficient of Xj;

the unobservable random error term.

ECON 452* -- Note 1: Specification of the Multiple Linear Regression Model ... Page 2 of 51



ECONOMICS 452* -- NOTE 1 M.G. Abbott

« With observation subscripts. For the i-th observation, the scalar formulation of the PRE is written as:

Y= Bo+ By X+ B X+ + B Xy + U Vi

[30+J-_Zk[3jxij+ui Vi (1.2)

=

—

BX;+U, Xg=1Vi Vi

T
o

where

Y; = the i-th population value of the regressand, or dependent variable;
Xjj = the i-th population value of the j-th regressor, or independent variable;
B;

u; = the i-th population value of the unobservable random error term.

the partial regression coefficient of Xj;

Note:

(1) Lower case “k” denotes the number of slope coefficients in the PRF.

(2) Upper case “K” denotes the total number of regression coefficients in the PRF.
(3) Therefore: K=k + 1.
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2. Vector Formulation of the PRE

o Define the following two vectors:
XiT:[l Xil Xi2 Xik]

= the 1xK or 1x(k+1) row vector of population values of the regressors for
observation 1, called the regressor vector for observation i;

Po
P
B= Bz

P

= the Kx1 or (k+1)x1 column vector of partial regression coefficients
Bi,1=0,1, ..., k, called the (population) coefficient vector.

Note:

(1) Lower case “k’” denotes the number of slope coefficients in the PRF.

(2) Upper case “K” denotes the total number of regression coefficients in the PRF.
(3) Therefore: K = k+ 1.
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The vector product xp takes the form

XuTB = [1 Xil Xi2

Xik]

B,
B,
B

=By + B Xiy + B, X+ + B Xy,

Bi_

Note: The vector product B'x; = X/B = B, + B, X, + B, X, ++++ B X :

BTXi:[Bo B, B,

O Result: The vector form of the PRE for the i-th population observation is written as:

Y, =x'B+u,

B]

=By + B Xip + B Xi, + o+ B Xy,

Y, =B'X, +uU, Vi,

(2)
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3. Matrix Formulation of the PRE

o The matrix formulation of the PRE is a compact way of writing the population regression equation for a sample
of N observations from the relevant population of all observations.

 Define the following two vectors:

y=1|Y; | = the Nx1 regressand vector

= the Nx1 column vector of observed sample values of the regressand, or
dependent variable, Y; (i=1, ..., N);

u=| u, | = the Nx1 error vector

= the Nx1 column vector of unobserved random error terms u; (i =1, ...,
N) corresponding to each of the N sample observations.
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o Define the following NxK regressor matrix X:

T
1
T

X2
T
3

Xy

Xll
X21
X31

XNl

X12

X

22

XSZ

XNZ

Xlk

X

2k

X3k

xNk_

= the NxK regressor matrix

= the NxK matrix of observed sample values of the K = k + 1 regressors,
where the first regressor is a constant equal to 1 for all observations
(Xio=1Vi=1, .., N)and the remaining k = K — 1 regressors

Xil! Xi21

, Xi (1 =1, ..., N) are variables.
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The NxK regressor matrix X can be viewed as being assembled in either of two ways: (1) by stacking the N
row vectors of K regressor values {x/:i=1, ..., N} for each observation, or (2) by merging the K = k+1
column vectors of N regressor values {x;: j =0, ..., k} for each regressor (including the intercept constant).

_XlT_ _1 X11 X12 Xlk |

X, 1 le Xzz xzk

X= X; :[Xo X, Xy - Xk]: 1 X31 X32 Xsk
_XIT\I_ _1 XNl XNz XNk_

(1) Each row of the regressor matrix X contains the values of all the regressors Xio, Xit, Xz, ..., Xjx for a
given sample observation. Since there are N sample observations, X has N rows.

The i-th row of regressor matrix X is the 1xK row vector

x| =[X,, Xy, X, - X] where i=1,...,N.
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1T X11 X12 xlk

X; 1 X21 Xzz sz

X= eT, :[Xo X, Xy - Xk]: 1 X31 X32 x3k
_XL_ _1 XNl XNZ XNk_

(2) Each column of the regressor matrix X contains the full set of N sample values for one of the K
regressors -- i.e., the j-th column of X contains the sample values X; (i=1, ..., N) where j =0, 1, 2, ..., k.
Since there are K regressors (including the intercept constant Xo), X has K = k + 1 columns.

The J-th column of regressor matrix X is the Nx1 column vector

Xy
X,
X, =| Xy where j=0,1,...,k(and X;o =1V iforj=0).
Xy

I
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O Result: The matrix form of the PRE for the full set of N sample observations is written as:

y=XB+uU.

LX< <

Bo
P,
P,

B

(3)
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Assumptions of the Classical Linear Regression (CLR) Model

Al Formulation of the Population Regression Equation (PRE)

The population regression equation, or PRE, takes the form

Y, =By + B X, +B, X+ + B X, + U, Vi
:Bo+ggjxij+ui Vi (1)
:Jiszinj+ui where X,, =1 Vi Vi
or a
Y. = X'B +u, Vi (2)
or
y =XB +uU. (3)

The population regression equation (PRE) represented by (1), (2), or (3) incorporates three distinct
assumptions.
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Al.1 Assumption of an Additive Random Error Term

The random error term u; enters the PRE additively.
Technically, this assumption means that the partial derivative of Y; with respect to u; equals 1: i.e.,

N1 foralli (Vi) (A1-1)
ou,
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Al.2 Assumption of Linearity-in-Parameters or Linearity-in-Coefficients

The PRE is linear in the population regression coefficients §; j = 0,1, ..., K).

This assumption means that the partial derivative of Y; with respect to each of the regression coefficients is a
function only of known constants and/or the regressor vector X! ; it is not a function of any unknown
parameters.

oE(Y,

‘Xi)_ Ty i ]
o —f(x) j=0,1,..K (A1-2)

oY, :

oB;

where the functions fj(xiT) contain no unknown parameters.
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Al1.3 Assumption of Parameter or Coefficient Constancy

The population regression coefficients §; (j = 0,1, ..., k) are (unknown) constants.

This assumption means that the unknown regression coefficients B; do not vary across observations -- i.e., do
not vary with the observation subscript “i”.

Symbolically, if B is the value of the j-th regression coefficient for observation i, then assumption Al.3 states
that

By = B, = aconstant foralli (j=0,1, ..., K). (A1-3)

Alternatively, in vector notation, if B; is the value of the regression coefficient vector 3 for observation i, then
assumption (A1.3) states that

Bi = B = avector of constants for all i. (A1-3)
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A2 The Assumption of Zero Conditional Mean Error

The conditional mean, or conditional expectation, of the population random errors u; for any given
vector of regressor values x; is equal to zero.

e Scalar formulation of A2

Without observation subscripts

E(u|x") = E(u] 1, X, X5, X, ) = 0 for all x" (A2)
where x" =[1 X, X, - X,]isany given vector of regressor values.
With observation subscripts

E(u,|xT) = E(u| L Xy, X0, Xy ) = 0 Vi, ie., forall x7 (A2)

where x| =[1 X, X, - X,]isthe (row) vector of regressor values for observation i.
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e Matrix formulation of A2

CE(uX)| [0]

E(u,| X) 0
E(u|X)=|E(uX) | =|0| = 0= an Nx1 vector of zeros. (A2)

[EUyX)] 0]

o Implication 1 of A2. Assumption A2 implies that the unconditional mean of the population values of the
random error term u equals zero:

E(ulx")=0 = E(u)=0 (A2.1)
or
E(u/x/)=0 = E(u)=0 Vi (A2.1)

+ This implication follows from the so-called law of iterated expectations, which states that
E[E(u‘xT)J = E(u). Since E(u‘xT) = 0 by A2, it follows that E(u) = ElE(U‘XT)J = E[0] = 0.

+ The logic of (A2.1) is straightforward: If the conditional mean of u for each and every set of regressor
values x" equals zero, then the mean of these zero conditional means must also be zero.
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o Implication 2 of A2: the Orthogonality Condition. Assumption A2 also implies that the population values
Xij of the regressor X; and u; of the random error term u have zero covariance -- i.e., the population
values of X; and u are uncorrelated:

E(u[x")=0 = Cov(X,u)=E(X;u)=0,j=12 ..k (A2.2)
or

ij i

E(u,[x7)=0 = Cov(X,,u,) = E(X;u,)=0 Vi j=12 ..k (A2.2)

1. The equality Cov(X,u;) = E(X,u;) in (A2.2) follows from the definition of the covariance between X;

iji
and u;, and from assumption (A2):
Cov(Xij, ui)z E{[Xij —~ E(Xij)][ui —E(u;] xiT)]} by definition
= E{[Xij—E(Xij)]ui} since E(u,|x;) =0 by A2
= E[X,u, —E(X;)u,]
= E(X;u;) —E(X;)E(u;)  since E(X;) is a constant
= E(X;u;) since E(u,) = E(u,|x) = 0 by A2.
2. Implication (A2.2) states that the random error term u has zero covariance with, or is uncorrelated with,

each of the regressors X; (j =1, 2, ..., k) in the population. This assumption means that there exists no
linear association between u and any of the k regressors X; (j = 1, ..., k).
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Note: Zero covariance between X;j; and u; implies zero correlation between Xj; and u;, since the simple
correlation coefficient between Xj; and u;, denoted as p(Xjj, u;), is defined as

Cov(Xij,ui) _Cov(Xij,ui)

N JVar(X;)Var(u,) ~sd(X)sd(u;) )

p(xij’ u;)

From this definition of p(X;, u;), it is obvious that if Cov(X;,u;) =0, then p(X;,u;) =0; i.e.,
Cov(X;,u;) =0 = p(X;,u;)=0.

ij? ij?
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e Scalar formulation of A2.2

i=1

[N ] N
Forj=0: E|[> XU, :E[ ui}: E(uj))=0  where Xjp=1VI.
Li=1 i 1

Forj=1: E[ > X, u, =2 E(X,u;,)=0.
L 1

2

=

N N
Forj=2: E| X X,u; |=>E(X,u;)=0.
i=1

Forj=k: E[%Xikui} = %E(Xikui) =0.
i=1 i=1
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e Matrix formulation of A2.2

+ Question: What vector-matrix product yields a Kx1 vector with elements

N
2. U, KigUj KigUis ey 2 Xy u; ?
i=1 i=1 i=1 i=1

+ Answer: The matrix product X'u.

1 X, X, oo Xy ] 1 1 1 - 1
X21 Xzz sz X11 X21 X31 XN1

X=|1 X31 X32 X3k = X' = X12 Xzz X32 XNZ
_1 XNl XN2 XNk_ _Xlk sz X3k XNk_

Since X is an NxK matrix, its transpose X' is a KxN matrix, where K = k+1.
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Therefore, the matrix-vector product X'u is:
_ % _
_ o u,
1 1 1 1 | u, |
Xll X21 X31 XNl u2 é Ilul
X'u = Xy Xy X.32 Xz | Uz | = _ZN:Xizuu (5)
X, X, X X | u N
L7 Y1k 2k 3k Nk L~ N _ inkui
O Result: Implication A2.2 of Assumption A2 can be written in vector-matrix form as:
E(X"u)=0, where0isaKx1 null vector (a vector of zeros).
— N - B N N — N —_
Su, E(Zui) E(u,) .
i=1 i=1 i=1 0
N N N
inlui E Z;Xilui ZE(Xilui) 0
i=1 1= i=1
E(X'u) = E| N = N = =10|=0. 6
( ) 2 XU, E| > X,u; 2 E(X,uy) . B ©)
i1 =1 i=1 . :
N N N 0
lekul E lekui Z;E(Xikui)
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o Implication 3 of A2. Assumption A2 implies that the conditional mean of the population Y values
corresponding to any given vector of regressor values x. equals the corresponding PRF x' B

E(ulx7)=0 = E(Y|x7) = f(x.B) = X"B = By + B X, +B,X, +-+ B X, (A2.3)
or
E(ui‘XiT) =0 = E(Yi‘XiT) = f(x;.B) = X.TB = By + B Xy + By X, +o0 + B X, (A2.3)

The function f(x,,p) = x;B is called the population regression function (PRF) or the population conditional
mean function (CMF).

Proof: Take the conditional expectation of the PRE (2) for some given value x| of the regressor vector x":

Y, = x[B +u, Vi (2)

Take the expected value of equation (2) conditional on X :

E(Yi‘xiT) = E(xiTB‘xiT)+ E(ui‘xf)
= E(XIB‘XI) since E(ui‘xf) = E(u;) = 0 by A2
= X/ B because both x and B are vectors of constants.

Meaning of Assumption A2: For each and every vector of regressor values x., the conditional mean of the
population random errors is equal to zero, and the conditional mean of the population Y values is equal
to the corresponding PRF xB.
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A3 The Assumption of Homoskedastic and Nonautoreqgressive Errors -- The Assumption of

Spherical Errors

A two-part assumption about the second moments of the random error terms u;.

A3.1 The Assumption of Homoskedastic Errors or Constant Error Variances

Also called the Assumption of Constant Conditional Error Variances
or the Assumption of Homoskedasticity

The conditional variances of the random error terms u; are identical for all observations -- i.e., for all
values of x| -- and equal the same finite positive constant * for all i.

e Scalar formulation of A3.1

Var(u|x") = E(u?|x7) = E(u?] L X, X,, ..., X, ) = 0* >0 (A3.1)
or
Var(u,|x]) = E(uZx]) = E(u?] 1, X, X0 e X ) = 02 >0 V. (A3.1)

where o? is a finite positive (unknown) constant.

ECON 452* -- Note 1: Specification of the Multiple Linear Regression Model ... Page 23 of 51



ECONOMICS 452* -- NOTE 1 M.G. Abbott

+ The first equality Var(ui\ xiT) = E(uf‘ xiT) in (A3.1) follows from the definition of the conditional error
variance and from Assumption A2:

Var(u|x]) = E([u,~ E(u |} )f[x7) by definition, @)
+ But Assumption A2 states that E(u,|x;) = E(u,) = 0 Vi, so that:

Var(u|x7) = E([ui - O]Z‘XI) = E(uf‘xf)
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o Implication of A3.1: Assumption A3.1 implies that the conditional variance of the population Y values
corresponding to each and every vector of regressor values x; equals the constant error variance o*:

Var(ui\xiT)zcs2 vV Xl = Var(Yi\xiT)zcy2 Y (8)

Proof: Start with the definition of the conditional variance of Y; for some given value x of the regressor
vector x';

Var(Y|x7 ) =E([Y, ~E(¥Ix| X7 ) by definition

= E( Y, -x7p ‘x ) since E(Y;|x{) =x/B by A2
= E(u?|x]) since u, =Y, - x'B by Al
= since E(uf‘xf) = &’ by assumption A3.1.

e Meaning of Assumption A3.1:

For each and every vector of regressor values x., the conditional variance of the population random errors
and the conditional variance of the population Y values equal the same constant ¢®.

The conditional distribution of the population Y values around the PRF E(Yi ‘ xiT) = x; B for any given vector

of regressor values x. has the same variance, or same dispersion, as the conditional distribution of the
population Y values for any other vector of regressor values x! , where x # X/ .

ECON 452* -- Note 1: Specification of the Multiple Linear Regression Model ... Page 25 of 51



ECONOMICS 452* -- NOTE 1 M.G. Abbott

A3.2 The Assumption of Nonautoregressive Errors or Zero Error Covariances

Also called the Assumption of Zero Conditional Error Covariances
or the Assumption of Nonautocorrelated Errors
or the Assumption of Serially Uncorrelated Errors.

e Scalar formulation of A3.2

Consider any pair of distinct random error terms u; and us (i # s) corresponding to two different vectors of
regressor values x| # x_ . This assumption states that u; and us have zero conditional covariance - i.e., that
the population random errors u; corresponding to any given vector of regressor values x| have zero
covariance with, or are uncorrelated with, the population random errors us corresponding to any other
vector of regressor values x. where x! =X .

xiT,xST): E(uius xiT,xsT):O VX! #X] (A3.2)

Cov(ui,uS
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xiT,xsT): E(uiuS xiT,xsT):O VX! #X] (A3.2)

Cov(ui,uS

+ The first equality in (A3.2) follows from the definition of the conditional covariance of u; and us and
Assumption A2:

XiT, XST) = E{[ui - E(ui|XiT)][us B E(uslxz)]‘ XiT’ XST}

Cov(ui,uS

Since E(ui‘xiT)=E(us x!)=0 by A2,

x,TxST)

xiT,xsT)= E(uiuS

Cov(ui,uS

+ The second equality in (A3.2) states the assumption that the error terms corresponding to different sets of
regressor values have zero covariance.
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o Implication of A3.2: Assumption A3.2 implies that the population Y values Y; corresponding to any given
regressor vector x. have zero covariance with, or are uncorrelated with, the population Y values Y;

corresponding to any other regressor vector x., where x! # x| .

Cov(ui,uS xiT,xsT):O VX #X!] = Cov(Yi,YS xiT,xsT):O VX! #X] . (9)

Proof:

Show that Cov(Yi,Ys xiT,xsT): E(uius xiT,xsT): Cov(ui,uS x,szT)

1. Begin with the definition of the conditional covariance for Y; and Y, for given xiT and xsT values where

X! # X!

Cov( Y, Y X, xT) = E{[Y, —ECY, IXD][Y, —ECY. IxD)] x, x|
= E(uiuS X/, xST)

since

xST) =Y, -X!B = u, by assumption Al.

Y-E(Y[x)=Y,-xp=u and Y,-E[Y

S S

2. Therefore

T

Cov(Yi,YS xiT,xsT) = E(uiuS X!, X ): 0 by assumption A3.2.
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e Meaning of Assumption A3.2: Assumption A3.2 means that there is no correlation, or no systematic linear
association, between u; and us, or between Y; and Y, where i and s correspond to different observations
(i.e., to different sets or vectors of regressor values x; # X/ ).

1. The conditional distribution of population random errors u, corresponding to any given vector of
regressor values x. has zero covariance with, or is uncorrelated with, the conditional distribution of
population random errors u, corresponding to any other vector of regressor values x!, where x! # x!.

2. The conditional distribution of the population Y values Y; for any given regressor vector x! has zero

covariance with the conditional distribution of the population Y, values for any other regressor vector
X!, where x! # X/ .

o Relationship Between A3.2 and Assumption of Random Sampling

+ The assumption of zero covariance, or zero correlation, between each pair of distinct observations is
weaker than the assumption of independent random sampling A4 from an underlying population.

+ The assumption of independent random sampling implies that the sample observations are statistically
independent. The assumption of statistically independent observations is sufficient for the assumption of
zero covariance between observations, but is stronger than necessary.
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A3 Matrix Formulation of Assumptions A3.1 and A3.2

Assumptions A3.1 (homoskedastic errors) and A3.2 (nonautoregressive errors) together specify the form of the
variance-covariance matrix of the error vector u, which is commonly called the error covariance matrix.

o General Definition of the Variance-Covariance Matrix of Error Vector u

The variance-covariance matrix of the Nx1 error vector u for any given observation matrix X is defined as:
V(u|X) = E{[u - E(uX)][u - E(u| X)X | (10)
e General Form of the Error Covariance Matrix Under Assumption A2

« Assumption A2 states that E(u\ X) = E(u) = 0, where0 is an Nx1 vector of zeroes, so that the error
covariance matrix simplifies to

V(u[X) = E(uu"|X) (11)

where uu’ is an NxN (square) symmetric matrix known as the outer product of the vector u.
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. The form of the NxN outer product matrix uu’ is:

r T B 2
ul ul ulu2
2
U, uu, U,
.
uu’ =|ug fJu; U, Uy e ug]=l gy, ugu,
_uN_ _uNul UNUZ

1. The diagonal elements of uu’ are the squares of the individual error terms, {u? : i

U,us
U,Us

2
u3

UyU,

U Uy
U Uy
UsUy

U

(12)

=1,.., N}

2. The off-diagonal elements of uu" are the products of all pairs of error terms for different observations

{u,u, 11 #s}

3. The outer product uu’ is a symmetric matrix because ujus = Usu; V i # s, where

U;Us is the element in row i and column s of uu';
uU; is the element in row s and column i of uu'.
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. To obtain the conditional error covariance matrix, take the expectation of the outer product uu’ for any
given value of the regressor matrix X:

_E(ulz) E(uluz) E(u1u3) E(uluN)_
E(u2u1) E(ui) E(uzus) E(uzuN)
V(u[X) = EWT[X) = | EQuu) E(uu,)  E@WD) - Euguy)
_E(uNul) E(uNuz) E(UNU3) E(uil)_
Var(u,)  Cov(u,u,) Cov(u,u,) -~ Cov(u,uy)]
Cov(u,,u,) Var(u,) Cov(u,,u;) --- Cov(u,,uy)

= | Cov(u,,u,) Cov(u,,u,) Var(u,) -+ Cov(u,,uy) (13)
| Cov(uy,u,) Cov(uy,u,) Cov(uyg,ug) -~ Var(uy) |
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Var(u,)  Cov(u,u,) Cov(u,u,) -~ Cov(u,u,)]
Cov(u,,u,) Var(u,) Cov(u,,u;) --- Cov(u,,uy)

V(u\X) =| Cov(u,,u,) Cov(u,u,)  Var(u,) --- Cov(u,uy) (13)
| Cov(uy,u,) Cov(uy,u,) Cov(uyg,ug) -~ Var(uy) |

1. The diagonal elements of error covariance matrix V(u\ X) are the conditional error variances of the
random error terms u;:

Var(u,) = E(u?) = E(u?|X)  foralli.

2. The off-diagonal elements of error covariance matrix V(u\ X) are the conditional error covariances for
all distinct pairs of random error terms u; and us for i = s and are symmetric in i and s:

Cov(u,, u,) = E(u,u,) = E(uu | X) = E(u,u,|X) = Cov(u,,u,) fori=s.

Note: In writing the general error covariance matrix (13) we have suppressed the conditioning operator to keep
the notation simpler.
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Form of the Error Variance-Covariance Matrix Under A3.1 and A3.2

+ Assumption A3.1 (homoskedastic errors) states that
Var(u,) = E(u?) = ¢ Yo
Implication: All the diagonal elements of V(u\ X) equal the positive constant o°.
+ Assumption A3.2 (nonautoregressive errors) states that
Cov(u;,u,) = E(u;u,) = E(uu,) = Cov(ug,u,) =0 V i#S.
Implication: All the off diagonal elements of V(u\ X) equal zero.
+ Inthe general error covariance matrix (13), substitute:

Var(u,) = o® (i=1, .., N) for the principal diagonal elements
and

Cov(u;,u,) =0 (i=s) forall off-diagonal elements.

(A3.1)

(A3.2)
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O Result: The error covariance matrix implied by assumptions A3.1 and A3.2 takes the form

-
0
V(u)=E(uu")=| 0

0

2
0)

0

0

0

o)

1

0

0

0

0

1

0
0
0

(14)

where I, is an NxN identity matrix with 1s along the principal diagonal and Os in all the off-diagonal cells.
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a Implication of Assumptions A3.1 and A3.2

Assumptions A3.1 and A3.2 imply that the conditional variance-covariance matrix of the regressand vector
y is equal to &l ,:

V(y|X) = E(u"|X) = V(u|X) = &%I,. (15)
Proof:

1. By definition, the conditional variance-covariance matrix of y is:
V(y|x) = E{ly—E(y[x)lly - E(y| x| x |

2. Butsince y = X + u by assumption Al and E(y|X) = Xp by assumption A2, it follows that
y—E(y[X) = XB +u - X =u.

3. Therefore, assumption A2 implies that
V(y|x) = E{ly—E(y|X)]ly - E(y| X)X | = E(uu7|x) = V(u|x).

4. But assumption A3 states that V(u|X) = E(uu| X) = 21, which implies that

V(y|X) = V(u|X) = &l,.
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Summary of Assumptions Al to A3: Specify the assumed statistical properties of the PRE

Al: The population regression equation (PRE) for population member i takes the form

ik _
Y, =By +B Xy B X, +o B Xy U = B +ZBinj +U; VI (1)
i1
or
Y. =Xx/B+u, Vi 2)

For a sample of N observations (Yi xiT) i=1...,N, the PRE is written in matrix form as

y=XB+u (3)

A2: Zero conditional error means

E(ux) = E(u| L Xy Xppro oy Xy ) =0 V] (A2)
where x| =[1 X, X, - X,]isthe (row) vector of regressor values for population observation i.
= E(u)=0 Vi (A2.1)

=  Cov(X;,u)=EX,u)=0 j=1,2 ..,k (A2.2)

= EY|XT) = Fx,B) = X[B = By + BXi + B Xy 4o+ B, (A2.3)
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A3.1: Constant conditional error variances (homoskedastic errors)
Var(ui\xiT) = E(uf‘xf) = E(uf‘ L Xy, Xigy ey Xik) =c°>0 VX/
where & is a finite positive (unknown) constant.
= Var(Y,|x7) = E(u?x]) = E(u| 1 X, X0y Xy ) = 62 >0 V]

A3.2: Zero conditional error covariances (nonautoregressive errors)

iU, xiT,xsT):O V X[] #X]

Cov(u. u xiT,xsT) = E(uius

= Cov(Yi,YS xiT,xST) = E(uiuS xiT,xST): 0 VX #X/

A3.1 and A3.2 imply that the error covariance matrix for a sample of N observations takes the form

[ G2 0 -~ 0 1 0 0 - 0]
0 2 0 - 0 10 - 0
V(u|X)=E(w'[X)=|0 0 o - 0|=c’|0 0 1 - O|=0
(0 0 0 - o] 00 0 - 1]
(NxN) (NxN)

(A3.1)

(A3.2)

where I, is an NxN identity matrix with 1s along the principal diagonal and Os in all the off-diagonal cells.
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Assumptions A4 and A5: Specify the minimal required properties of the sample data

A4 The Assumption of Independent Random Sampling

The sample data consist of a random sample of N observations on the regressand Y and the regressors
x" = (1 X, X, -~ X, ), which together comprise the observable variables in the population regression equation
described by Al.

. Each of these N randomly selected observations can be written as:
(Y, xT) = (Y, 1 X, X;, -+ X,)  i=1,..,N
« In matrix form, the full set of N sample observations on all the observable variables can be written as

(y X) = the Nx(K+1) observation matrix or data matrix, the i-th row
of whichis (Y, x7) = (Y, 1 X, X, - X,)
where

y = the Nx1 regressand vector, the i-th row (element) of which is Yj;

X = the NxK regressor matrix, the i-th row of which is
Xi = (1 X, X, - X).
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o Implications of the Random Sampling Assumption A4

. The assumption of random sampling implies that the sample observations are statistically independent.

1. It means that the error terms u; and us are statistically independent, and hence have zero covariance, for
any two observations i and s.

xiT,xsT)= Cov(u,u,)=0 i#s. (16)

177s

Random sampling = Cov(u. u

177s

2. It also means that the dependent variables Y; and Y are statistically independent, so that Y; and Y have
zero covariance for any two distinct sample observations.
xI,xT)= Cov(Y,Y,) =0 i#s. (17)

1 17%s

Random sampling = Cov(Yi,YS

« Result: The assumption of random sampling is sufficient for assumption A3.2 of zero covariance between
observations, but is stronger than necessary.

e When is the Random Sampling Assumption A4 Appropriate?

The random sampling assumption is usually appropriate for cross-sectional regression models, i.e., for
regression models formulated for cross section data.

The random sampling assumption is hardly ever appropriate for time-series regression models, i.e., for
regression models formulated for time series data.
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Characteristics of Cross Section and Time Series Data

Cross Section Data

Definition: A cross-sectional data set consists of a sample of observations on individual economic agents
or other units taken at a single point in time or over a single period of time.

A distinguishing characteristic of any cross-sectional data set is that the individual observations have no
natural ordering.

A common, almost universal characteristic of cross-sectional data sets is that they usually are constructed
by random sampling from underlying populations.

Time Series Data.

Definition: A time-series data set consists of a sample of observations on one or more variables over
several successive periods or intervals of time.

A distinguishing characteristic of any time-series data set is that the observations have a natural ordering --
specifically a chronological ordering.

A common, almost universal characteristic of time-series data sets is that the sample observations exhibit
a high degree of time dependence, and therefore cannot be assumed to be generated by random sampling.
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A5 The Full Rank Assumption

Also called the Assumption of No Perfect Multicollinearity.
Formal Statement of A5: The regressor matrix X has full column rank; i.e.,

rank(X) = p(X) = K = k+1 = the number of columns in X. (A5)
Interpretation of A5

Assumption A5 is an assumption about the population and sample data, as distinct from an assumption
about the regression model.

Assumption A5 means that there is no exact linear relationship among the population values, and therefore
the sample values, of the K = k+1 regressors.

Assumption A5 also means that none of the k regressors X, X, --- X, is a constant, either in the population
or in the sample.

Why is Assumption A5 Important?

Answer: Assumption A5 must be satisfied by the sample data if an estimator of the complete regression
coefficient vector [ is to be computable.
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e Scalar formulation of A5: There exists no set of K = k+1 constants Aq, A1, A2, ..., Ak, NOt all zero, such that

Ao+ A X+ A, X+ + A X, =0 Vi (A5.1)

or

Ao+ YA X;=0  (whereXip=1) Vi (A5.1)

e Vector formulation of A5: The assumption that X has full column rank equal to K = k + 1 means that the
columns of X are not linearly dependent, which in turn requires that there exists no nonzero vector of
constants A, where

such that the vector product
AMx, =0 Vi (A5.2)

where X is the transpose of the i-th row of the regressor matrix X and is therefore of dimension Kx1.
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Vector formulation (A5.2) of the full rank assumption A5 is equivalent to the scalar formulation (A5.1):

A% = Ay Ay oo A Xy [=A+XAX =0 Vi (18)

Note: The row vector of constants A" is 1xK and the column vector x, is Kx1, so that the vector product A"
Is a 1x1 scalar, namely the linear function on the left-hand side of (A5.1).
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Perfect Multicollinearity: Example 1
o Consider the simple linear regression model given by population regression equation (PRE) 1:

Y, =B, +B, Xy +B,X,, +B:X,; + U, (1)
e Suppose the regressors X, and Xj; satisfy the following exact linear relationship:

Xz;=2X,, foralli=1,...,N (2)

e Re-write this exact linear relationship between X, and Xjs in the general form of any exact linear dependence
among the regressors in PRE (1):

Ao+, X, + A, X, +A, X, =0 Vi (5.1)

X.; =2X,, can be re-written in implicit form as

-2X,,+X,=0 foralli=1,...,N (2%)
Setting the constants Ag =0, A; =0, A, =2, and A3 = 1 in (5.1) yields the exact linear dependence (2*):

Ao + A, X, +A,X,, +A,X,; =0
0+0-X,,-2-X,,+1-X,; =0
—2X,,+X,;=0 foralli=1,...,N
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Consequences of Perfect Multicollinearity: Example 1

1. Substitute for Xis in regression equation (1) the expression X, =2X,,:

Y, =B, + B, X, +B,X,, +B,X,; + U, (1)
=B, +B X, +B,X,, +B,2X,, + U,
=B, +B, X+ (B, +2B,)X,, +U,
=B, +B, X, +a,X;, +U, where by definition a, =, +2f, (3)

e Regression equation (3) can be estimated from sample data — i.e., we can compute estimates of the regression
coefficients Po, f; and a,. But we cannot compute from sample data estimates of the regression coefficients
B2 and Bs; in other words, the perfect multicollinearity implied by the exact linear relationship X, = 2X,, for

all i means that the coefficients B, and p; are not estimable or not computable from sample data.

2. Alternatively, substitute for X, in regression equation (1) the expression X, = 0.5X,:

Y =B + B Xy + B, X, +B: X5 + U, 1)
=B + B X +B,0.5X5 + B3 X5 + U,
=By + B, Xy +(0.5B, +B5)X;; +U;
=B, + B, X, +a,X; + U, where by definition a, =0.58, +, (3%)
e From regression equation (3*), we see again that we cannot compute from sample data separate estimates of

the regression coefficients f§, and f;; the coefficients p, and B; are not estimable or not computable from
sample data.
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Perfect Multicollinearity: Example 2
o Consider again the simple linear regression model given by population regression equation (1):

Y, =B, + B, X, +B,X,, +B: X5 + U, (1)
o Now suppose the regressors X, and Xj; satisfy the following exact linear relationship:

X, +X,;=1 foralli=1,...,N 4)

o Re-write this exact linear relationship between X;, and X;z in the general form of any exact linear dependence
among the regressors in PRE (1):

Ao+ A Xy 0, X, #4, X, =0 Vi (5.1)

X, + X3 =1 can be re-written in implicit form as

~1+X,+X,=0foralli=1,...,N (4%)
Setting the constants Ao =—1, A; =0, A, = 1, and A3 = 1 in (5.1) yields the exact linear dependence (4*):

Ao + A X +A, X, +A, X, =0
-1+0-X,,+1-X,, +1- X, =0
-1+X,,+X,;=0 foralli=1,...,N
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Consequences of Perfect Multicollinearity: Example 2

« Substitute for Xi; in regression equation (1) the expression X, =1-X,,:

Y, =B, +B, Xy +B,X,, +B:X,; + U, (1)
=B, +B, X, +B,X,, +B;(1—-X,,) +u;
=B, + B, Xy +B,X,, +B; —B:X,, + U,
= (Bo +Bs) +BXiy + (B, —Bs)Xiz + U,
=0, +B, X, +6,X,, + U, where by definition 8, =B, +B, and 3, =, — B, (5)
Result: Regression equation (5) can be estimated from sample data — i.e., we can compute estimates of the
regression coefficients d, ; and 8,. But we cannot compute from sample data separate estimates of the

regression coefficients B, B, and B3; in other words, the perfect multicollinearity implied by the exact linear
relationship X,, =1-X,, for all i means that the coefficients o, B, and 3 are not estimable or not

computable from sample data.
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Consequences of Perfect Multicollinearity: Example 2 (continued)

« Alternatively, substitute for X, in regression equation (1) the expression X, =1-X,:

Y, =B, +B, Xy +B,X,, +B:X,; + U, (1)
=B, +B, X, +B,d—X,5)+B,X,; +U;
=B, + B, X, +B, =B, X5 +B:X,; + U,
=(Bo +B2) + B Xy +(Bs —B2)X;5 + U,
=7, + B X, +7:Xi5 + U, where by definition y, =8, +B, and y, =B, — B, (5%)
Result: Regression equation (5*) can be estimated from sample data — i.e., we can compute estimates of the
regression coefficients yo, ;. and ys. But again we cannot compute from sample data separate estimates of

the regression coefficients fo, . and B3; the perfect multicollinearity implied by the exact linear relationship
X,, =1-X,, for all i means that the coefficients Bo, B> and B3 are not estimable or not computable from

sample data.
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Importance and Purposes of Assumptions A1-A5

1. Assumptions A1-A5 specify the set of conditions under which the OLS (Ordinary Least Squares) estimator

BOLS of the coefficient vector  and associated statistical inference procedures have several optimal statistical
properties.

These statistical properties are summarized by the Gauss-Markov Theorem, which states that
BOLS Is the Best Linear Unbiased Estimator (BLUE) of the coefficient vector 3

B = Best = minimum variance estimator of p:

Var(Bj) < Var(Bj) ]=0,1,2,...,k
where

B ; = the OLS estimator of regression coefficient §,

B; = any other linear unbiased estimator of §,

L = Linear = linear in the regressand Y;,
= linear in the regressand vector y:

Matrix formula for By, is: Bos = (X™X) X"y
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U = Unbiased:

In scalar terms: E(Bj) = B, forallj=0,1,2, ...,k

In matrix terms:  E(Bo.s) = B

2. Assumptions A1-A5 highlight the things that can go wrong in applied linear regression analysis.

ECON 452* -- Note 1: Specification of the Multiple Linear Regression Model ... Page 51 of 51



	ECON 452* -- NOTE 1
	( .          (9)
	Proof:
	Show that .

